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We consider the equations of a monoatomic gas, in the context of the extended
thermodynamic theory, with spherical symmetry and we look for similarity solutions.
The classical problem of the point explosion is considered in order to get some
qualitative information due to the presence of the heat ﬂux and the dissipation. It
seems that, despite to the classical case, a sub-shock formation cannot be avoided.
© 2000 Academic Press
1. INTRODUCTION
The equations of the extended thermodynamics valid to describe non-
equilibrium processes of rareﬁed mono-atomic gas represent a system of
balance laws of hyperbolic type with dissipation [1].
In this context it is possible to study non-linear wave propagation prob-
lems like weak discontinuities and shock waves.
Also, because of the difﬁculty to manage the whole system, the study
of non-linear effects on wave propagation, very often, is carried on by
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considering the one dimensional case and assuming the state where the
perturbation propagate is constant and characterizing an equilibrium
state [1, 2].
In this paper we would like to study the existence of similarity solu-
tions for the system of extended thermodynamics by assuming a spherical
symmetry of the gas also in connection with the classical point explosion
problem [3].
For classical isentropic ﬂuids, when a strong explosion takes place in
a certain point of the space, in an interval of time, the perturbation is
conﬁned within a sphere of a certain radius r and inside the ﬂow is self-
similar. In this case, by introducing suitable similarity variables that can
be completely characterized by requiring the conservation of energy, the
motion of the gas can be described by a system of ordinary differential
equations which can be integrated by using, in an appropriate manner, the
Rankine–Hugoniot conditions for strong shocks, as boundary conditions.
Similarity solutions also exist for the implosion problem, but as the con-
servation of energy is no longer valid, the condition of integrability of the
system of ordinary differential equations gives information on the charac-
terization of the exponent of the similarity variable.
Here we make an attempt to extend these well known results in the
framework of extended thermodynamics where the heat ﬂux and the viscous
stress play a role. It seems that, in this case, despite the classical point blast
problem, a continuous differentiable solution does not exist and we have a
sub-shock formation.
Moreover, by requiring the system to be invariant with respect to a dilata-
tion group of transformations we characterize the possible functional form
of the relaxation times by remarking that when they are constant the simi-
larity solutions cannot exist.
2. THE BASIC EQUATIONS IN SPHERICAL SYMMETRY
The one dimensional equations governing the ﬂow of a monatomic gas,
in spherical symmetry, in the context of extended thermodynamics can be
obtained from the general equations [1] by means of the positions
ρ ≡ ρr t p ≡ pr t vi ≡ vr tui
qi = qr tui σij =
1
2
σr t(3ui uj − δij)
where
ui =
xi
r
 r =
√√√√ 3∑
i=1
x2i  i = 1 2 3
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and ρp vi qi σij xi and t denote, respectively, the mass density, pressure,
velocity, heat ﬂux, shear stress, spatial coordinates, and the time:
ρt + ρvr + vρr = −2
ρv
r

ρvt + vvr + pr − σr = + 3
σ
r

pt + vpr +
5
3
pvr +
2
3
qr −
2
3
σvr = −
10pv + 4q+ 2σv
3r

σt + vσr −
4
3
pvr −
8
15
qr +
7
3
σvr = −
20pv + 8q+ 40σv
15r
− σ
τσ

qt + vqr +
16
5
qvr −
p+ σ
ρ
σr +
5
2
p− σ
ρ
pr +
p
ρ2
7
2
σ − 5
2
pρr
= + 15σp+ σ − 14ρqv
5ρr
− q
τq

(1)
The previous system belongs in the quasi-linear hyperbolic system
ut + Aur = b (2)
by the identiﬁcation
u ≡

ρ
v
p
σ
q
 
A ≡

v ρ 0 0 0
0 v 1
ρ
− 1
ρ
0
0 53p− 23 σ v 0 23
0 − 43p+ 73σ 0 v − 815
p
ρ2
 72σ− 52p 165 q 52 p−σρ −p+σρ v

(3)
and
b ≡
[
− 2ρv
r
 3
σ
r
−10pv + 4q+ 2σv
3r
−20pv + 8q+ 40σv
15r
− σ
τσ

15σp+ σ − 14ρqv
5ρr
− q
τq
]T
 (4)
τσ and τq are relaxation times that are related to the viscosity and heat
conductivity coefﬁcients and we consider them to depend on ρ and p. For
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Maxwellian molecules τq = 3τσ/2. The subscripts t and r in (2) will denote
the partial differentiation with respect to the time and to the space vari-
able. Moreover, for a monatomic gas that we are considering, the internal
energy e is related to the pressure p by
e = 3
2
p
ρ
 (5)
corresponding to a gas with ratio of speciﬁc heats γ = 5/3
The system (1), as can be easily seen, is not homogeneous and, because
the independent variable r appears explicitly in the equations, is not
autonomous. The only constant solution admitted is given by
ρ = ρ◦ p = p◦ v = σ = q = 0
which represents a thermodynamical equilibrium state.
We remark that, as the system is not homogeneous, it is not possible
to look for simple wave solutions, so in order to characterize exact non-
constant solutions the only systematic way to look for is the group analysis
of the basic equations which gives rise to the possibility of ﬁnding invariant
solutions.
For an ideal gas described by the classical Euler equations, similarity
solutions can be characterized by requiring the invariance of the govern-
ing system with respect to a dilatation group of transformation [4] allowing
one to reduce the problem to the integration of a system of ordinary differ-
ential equations where the independent variable is the so called similarity
variable; in this way the point explosion problem as well as the implosive
wave problem can be solved [3]
In our case we require the system (1) to be invariant with respect to the
dilatation group of transformations
t∗ = ενt r∗ = εr ρ∗ = εαρ v∗ = εβv p∗ = εδp
σ∗ = εbσ q∗ = εaq
(6)
where ε 	= 0 is an arbitrary parameter characterizing the dilatation and
αβ ν δ b a are parameters to be determined in such a way that the
original system remains invariant with respect to (6). This requirement gives
the following relations among the exponents of ε:
β = 1− ν b = δ = α+ 21− ν a = α+ 31− ν (7)
Moreover, as we assumed τσ and τq to be constitutive quantities depending
on ρ and p, the invariance requires
τ∗σp∗ ρ∗ = εντσ (8)
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and the relations must be valid
τσ = pν/δτ0pζ τq =
3
2
τσ ζ =
p
ρα/δ
 (9)
where τ0p is an arbitrary function of its argument.
The invariance with respect to the transformation (6) is characterized by
the inﬁnitesimal operator of the group
X1 = r∂r + νt∂t + αρ∂ρ + δp∂σ + bσ∂σ + aq∂q + βv∂v (10)
where the relations (7) are valid.
It is possible to introduce now the canonical variables [5] allowing one
to write (10) as a translation in the new variable τ such that
dt
νt
= dr
r
= dρ
αρ
= dv
βv
= dp
δp
= dσ
bσ
= dq
aq
= dτ (11)
and a possible choice is
τ = 1
ν
ln t ξ = r
t1/ν

ρ = tα/ν v = tβ/ν  p = tδ/ν σ = tδ/ν  q = ta/ν

(12)
when (12) are substituted in (1) a new system of partial differential equa-
tions is obtained where the independent variables are ξ and τ. The similar-
ity solutions are the ones depending only on ξ, that is, the similarity variable;
in other words the similarity solutions are the stationary (not depending on
τ) solutions of the transformed system. The transformed system so obtained
is still in non-autonomous form but it can be reduced so. In fact, as it
remains invariant with respect to a new dilatation group of transformations
that, in the new variables, is characterized by the inﬁnitesimal operator
X2 = ξ∂ξ+k∂+ ∂ +k+ 2∂ +k+ 2 ∂ +k+ 3∂ (13)
it is possible to introduce a new variable η allowing one to represent X2 as
a translation giving rise to the new transformation of variables
η= ln ξ = ξkρ◦R  =
1
ν
ξV + 1  = ρ◦
ν2
ξk+2P
 = ρ◦
ν2
ξk+2$ = ρ◦
ν3
ξk+3Q
(14)
where the factors in P VQ$ depending on ν and ρ◦ have been inserted
for convenience with ρ◦ a suitable constant characterizing the initial mass
distribution such that
ρ◦ = ρ◦rα
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in order to satisfy the invariance condition (6). Going back to the relations
(7) and (12) we arrive at the transformations
τ = 1
ν
ln t η = ln r
t1/ν
 ρ = tα−k/νrkρ◦R v =
1
ν
r
t
V + 1
p = tα−k/νrk ρ◦
ν2
r2
t2
P σ = tα−k/νrk ρ◦
ν2
r2
t2
$ q = tα−k/νrk ρ◦
ν3
r3
t3
Q
τσ = νtTσ τq = νtTq Tσ = T◦R−
m
n
(
1
ν2
P
)νn+mα/nδ
 (15)
m = k+ 2 ν
δ
 n = 2k1− ν − α
δ
 Tq =
3
2
Tσ
where T◦ is a constant and the last expression for the relaxation times has
been obtained in order to have the invariance also with respect to X2.
The procedure just outlined is a particular instance of a more general
result obtained in [5] where it is shown that the governing system can
be written in autonomous form provided that it admits two commuting
inﬁnitesimal operators X1 and X2 such that X1X2 = X1X2 −X2X1 = 0.
It is worth to note that if we require the relaxation times to be constant
like in the BGK theory, then by (15) it must be ν = 0 and similarity solu-
tions are not allowed as ξ = r/t1/ν. The relaxation time τσ = ρ/a◦, where
a◦ is a constant, considered for Maxwellian atoms, imposes a strong restric-
tion that is ν = −α and k = 0. In the same fashion, if we assume, as in the
theory of Gilbarg and Paolucci [6], that
τσ =
ϑs−1
a◦ρ

1
2
< s < 1 (16)
where ϑ = p/ρ with  the gas constant and ϑ the temperature, then we
have the following restrictions:
k = 2s − 1 T◦ =
1
s−1a◦
 Tσ =T◦R−s
(
1
ν2
P
)s−1
 ν = 2s − 1 − α
2s − 1 + 1 
Finally, taking into account (15) the system (1) can be written in
autonomous form,
Uτ + AUUη = bˆ (17)
where U and A have the same expression of u and A given in (3) with the
formal substitution of ρ with R, v with V , p with P , σ with $, and q with
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Q while bˆ is given by
bˆ≡−

α−kR+3+kRV +1
V +12−νV +1+ k+2P−k+5$
R
α−k−2νP+k+7PV+1+ 23 k+5Q
α−k−2ν$+k+7$V +1− 815k+2Q+ $Tσ
α−k−3νQ+k+9QV +1−10P$
R
+5P2
R
−k+5$2
R
+ QTq

(18)
At this stage the free parameters occurring in Eq. (17) are k, α, and ν
which must be characterized by giving further conditions.
We have seen that, because of the relaxation times, despite the classi-
cal case of an ideal isentropic gas, the requested invariance imposes some
restrictions to these parameters depending on the form of τσ , and τq. The
similarity solutions of the system (1) are the solutions of the system (17) not
depending on τ. The system of ordinary differential equations so obtained
must be supplemented by a suitable boundary conditions in order to be
solved. For a point explosion problem, which will be considered in the next
section, these conditions arise from the Rankine Hugoniot conditions for a
strong shock.
3. THE POINT EXPLOSION PROBLEM
We assume that a large amount of energy E is released in a small volume
during a short time interval. A shock wave will form propagating through
the gas starting from the point where the energy is released. We want to
consider the process far enough from the origin in such a way that the
energy released can be assumed both instantaneous and occurring at a
point. This can be accomplished when the perturbed mass of the gas is
large in comparison with the mass of the explosion products. In the mean
time, we assume that the shock front has not moved too far from the source
in order to be considered strong, which means that the initially the gas pres-
sure, the velocity, the heat ﬂux, and the viscous stress can be neglected with
respect to the same quantities behind the shock wave. A consequence of
this assumption is that the initial internal energy can be neglected with
respect to the explosion energy E as well as the characteristic velocities
being zero with respect to the wave front velocity.
By way of convenience we modify the deﬁnition of the similarity variable
by the relation ξ = ξ◦r/t1/ν assuming that the location of the shock is at
ξ = ξ◦; that is, r/t1/ν = 1.
For the point explosion problem we are considering the total energy
contained within a sphere of radius r at the time t must be equal to the
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energy released at the initial time,
E = 4π
∫ R̂t
0
(
3
2
p+ 1
2
ρv2
)
r2 dr R̂t = t
1/ν
ξ◦
 r = ξ
ξ◦
t1/ν
and taking into account of the expressions of p v, and ρ, by (1.7) and (1.9)
we obtain the condition
ν = α+ 5
2
 E = 4πρ◦
ν2ξk+50
∫ 1
0
ξk+4
(
3
2
P + 1
2
RV + 12
)
dξ
that allows to determine ξ◦ once PR, and V are known as functions of ξ
and the parameters k and α have been determined.
The Rankine Hugoniot conditions for a monatomic gas in the framework
of the extended thermodynamic have been obtained in [2] where it is shown
that, by considering the propagation into an equilibrium state characterized
by ρ◦ p◦ v◦ = q◦ = σ◦ = 0 and introducing the adimensional variables
M◦ = vsc◦  w =
vs−v
vs
 π = p
p◦
 ω = σ
p◦

χ = q
p◦c◦
 µ = ρ
ρ◦

(19)
it is possible to obtain
µ = 1
w
ω = 10
27
M2◦
w2 − 1
w
π = 1− 5
27
M2◦
w − 17w − 2
w
χ = − 5
18
M◦w − 110M2◦w − 5M2◦ − 9
(20)
with vs denoting the shock velocity and c◦ =
√
5p◦/3ρ◦ denoting the sound
velocity in the unpertubed state, and the following relation among w and
M◦ is valid:
5M4◦ 694w3 − 710w2 + 143w + 8 − 2106M2◦w2w − 1 + 729w = 0 (21)
Fixing a value for the Mach number, from the previous equation we deter-
mine w and substituting in Eqs. (20) we obtain the other quantities. For
what concerns the velocity in the perturbed region, it follows immediately
from the deﬁnition and is given by
v = vs1−w (22)
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The Rankine Hugoniot conditions for a strong shock follow from (20) when
p◦ = v◦ = q◦ = σ◦ = 0 and M◦ −→∞; we obtain
ρ = ρ◦
w
σ = 2
9
v2s
w2 − 1
w
ρ◦
p = −1
9
v2s
w − 17w − 2
w
ρ◦ (23)
q = −1
6
v3s w − 110w − 5ρ◦
v = vs1−w
where w must a positive solution of
694w3 − 710w2 + 143w + 8= 0

i.e., w = 035841 w = 070995. We remark that the greater value of
w represents a lower bound for the volume ratio and it is the only one
satisfying the admissibility criterion of Lax for the shock [1, 2].
Finally, taking into account that the temperature is deﬁned by ϑ = p/ρ
we obtain the boundary condition for ϑ,
θ = −1
9
v2s w − 17w − 2ϑ◦
where ϑ◦ is the equilibrium temperature.
Let us now assume that the explosion is conﬁned within a sphere of
radius R̂ so that the shock line is in fact a similarity line of the form
r = ξ
ξ◦
t1/ν (24)
The shock occurs for ξ = ξ◦ and its velocity is given by
vs =
r
νt
 (25)
By using (15), this amount requires that for η = lnξ/ξ◦ = 0 the following
conditions must be valid:
R = 1
w
V = −w
P = −1
9
w − 17w − 2/w (26)
$ = 2
9
w2 − 1/w
Q = −1
6
w − 110w − 5/w
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It is possible to consider the following cases:
(i) The mass density is constant so that by (15) α = 0 and ν = 52 .
In this case it is possible to consider only the relaxation time given by (16)
with the following restrictions:
k = −5
3
 s = 1
6
 T◦ =
1
s−1a◦
 Tσ = T◦R−s
(
4
25
P
)s−1

In general, when the relaxation times are assumed to be constitutive quan-
tities, the expression can be assumed for Tσ
Tσ = T◦R5k+2/6k
(
4
25
P
)−5/6

with T◦ and k arbitrary.
(ii) Assuming an initial mass density like the one considered by
Sedov in the point explosion problem [3], and considering that the index of
the ﬂuid is 53 , we are led to the relations
ρ◦ = ρ◦r−2

consequently α = −2 and ν = 32 . We have two possibilities:
ii1 s = 3/2, k = 1:
Tσ = T◦R−s
(
4
9
P
)s−1
 T◦ =
1
s−1a◦


ii2 k and T◦ arbitrary with
Tσ = T◦R−3k+2/24−k
(
4
9
P
)9k/24−k

Finally, we have a third possibility with the relaxation time depending only
on ρ, that is:
(iii) α = 0, ν = 5/2, and k = 0 with
ρ◦ = ρ◦r−5/3 Tσ =
1
α◦
R−1
The similarity solutions for the point explosion problem are obtained by
integrating the system
AUUη = bˆ (27)
with A and bˆ as in (17) and the boundary conditions (25) valid for η = 0.
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The system would be a singularity if the characteristic velocity of
the hyperbolic system becomes zero, i.e., when the matrix A becomes
singular [1],
V̂
{
V̂ 4 + V̂ 2
(
62 $̂
15
− 78
25
)
− 96 Q̂ V̂
25
+ 27
25
− 18 $̂
5
+ 21 $̂
2
5
}

where
V̂ = V
C
 Q̂ = Q
RC3
 $̂ = $
RC2

and C represents the sound speed in the present case:
C2 = 5
3
P
R

This question is similar to the classic non-dissipative case, but, as is well
known [3], in the case of the point blast problem the limiting characteristic
does not appear in the ﬂow behind the shock and we have a continuous
differentiable solution. In the present case of extended thermodynamics the
analysis is more complex and we have an analogous situation of the shock
structure problem in which in general we have a sub-shock formation [7].
A ﬁrst numerical approach indicates this breakdown of C1 solutions and
we do not know yet if this singularity can be eliminated by choosing an
appropriate value of the similarity constant as in the classical case for the
implosion problem [8]. This is the subject of a paper in preparation.
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